The nonperturbative effects in the Sudakov quark form factor are considered in the Wilson loop formalism. The renormalization properties of the Wilson loops with cusp singularities are studied with account of perturbative and nonperturbative contributions, where the latter are considered within the framework of the instanton liquid model. For the integration path corresponding to this form factor -the angle with infinite sides, the explicit expression for the vacuum expectation value of the Wilson operator is found in the leading order. The calculations are performed in the weak-field limit for the instanton vacuum contribution and compared with the one and two loop order results for the perturbative part. It is shown that the perturbative and instanton induced effects are comparable in magnitude at the scale of order of the inverse average instanton size.
Introduction
The convenient approach which may be applied for the investigation of infrared behavior in QCD is the formulation of the non-abelian gauge theory in loop space, what becomes possible by virtue of the close correspondence between gauge and chiral fields [1] . One of the advantages of this method is that it allows to include into consideration both the perturbative and nonperturbative contributions. The basic object of study in such an approach is the gauge invariant vacuum average of the Wilson loop operator
where the integration goes along the closed contour C and the gauge field
belongs to the Lie algebra of the gauge group SU (N c ), while the Wilson loop operator Pe ig dxA(x) lies in it's fundamental representation for quark lines.
In particular, the entities like path-ordered contour integrals of gauge field emerge naturally in the study of hard collisions of hadrons (Drell-Yan process, deep inelastic scattering, etc.) and the hadron form-factors in the eikonal approximation [2, 3] . The use of the Wilson integral formalism in the heavy quarks effective theory has also been discussed (see, e.g., [4] ). In the case of hard processes, the integration contours become infinite since they present the classical trajectories of the partons participating in the collision. Considering the parton scattering processes at large total energies and small momentum transfers one reveals that the role of the resumed soft gluons exchanges become significant. While in QED this problem is solved in closed form yielding the well known Sudakov form factor (by virtue of exponentiation of the leading one loop perturbative term), in QCD the situation appears to be more complicated due to its non-abelian nature and the influence of original nonperturbative effects. Nevertheless, it has been shown in perturbation theory that in QCD processes the exponentiation does take place with the exponent given by a series in the strong coupling constant. Additional soft contributions may appear due to various nonperturbative effects, a number of which are closely related with the nontrivial structure of the QCD vacuum. Indeed, although the QCD vacuum plays an important role in the high-energy collisions, the direct investigation of these effects remains a difficult task. The aim of the present work is to evaluate them within the framework of the instanton liquid model of QCD vacuum for the simplest possible process -Sudakov quark form factor.
It is generally believed, that the nonperturbative structure of QCD can be well understood within the instanton liquid model [5] . Considering the QCD vacuum as an ensemble of instantons, one can describe a lot of the low-energy phenomena in strong interactions on the qualitative as well as quantitative level. The importance of the instanton induced effects in strong interactions is supported also by lattice simulations [5, 6] . The instanton picture is generally considered as a fruitful and perspective framework for the hadronic physics. The role of the instantons in hard hadronic processes is studied intensively nowadays, both theoretically and experimentally. The perspectives for an unambiguous experimental detection of instanton contributions are believed to be optimistic and very promising. The main problem arising in this context is the evaluation of instanton induced effects at a hard scale of a given process [7] . Hence, we are going to study the instanton induced contributions to the Wilson integral over the contours of a various geometry and apply the obtained results to the analysis of nonperturbative effects in the highenergy hadron collisions. Recently the similar approach has been developed in study of high energy elastic and quasi-elastic parton-parton scattering [8] . The vacuum averages of Wilson operators with finite length contours were considered in the instanton model in [9] , where the properties of the non-local quark and gluon condensates were discussed.
In the present paper, we start the investigation of the instanton induced effects in the high-energy QCD processes. We propose an approach which allows to evaluate the instanton contributions to the Wilson integrals made of several (in)finite lines containing specific cusp, and/or cross singularities. For this purpose, we start with one of the simplest configurations, i. e., the angle with infinite sides what corresponds to the integration path for the Wilson operator describing the soft part of the quark Sudakov form factor [10] . Such configurations enter as a constructive units into the Wilson contours for many high energy processes.
The paper is organized as follows: In the Section 2 we briefly describe the general renormalization properties of the Wilson loops with cusp singularities and find the explicit formula in the leading order, applicable both for perturbative and nonperturbative fields. Then we analyze the UV-and IR-divergencies, and calculate the perturbative part in an arbitrary covariant gauge demonstrating explicitly the gauge invariance of the obtained (renormalized) result. The Section 3 is devoted to the study of the instanton induced nonperturbative contributions. The expression is found in closed form in the weak field limit in terms of the instanton profile function. The magnitude of the instanton induced effects is found to be comparable with the perturbative part at a certain low momentum scale. Afterwards, we discuss the possible applications of the results obtained above in investigations of the physically interesting processes and make some conclusive remarks.
Renormalization and perturbative contribution
Let us consider in short the renormalization properties of the Wilson loop. It is well known, that evaluation of W (C) (1) encounters divergencies. The divergencies appearing for smooth contours without self-intersections can be renormalized by means of the convenient R-operation [11, 12] :
where ε is the dimensional regularization parameter, µ is the UV normalization scale. In this case, the R-operation consists in the multiplicative renormalization of the coupling constant g → g R and the field A µ →Â R µ . In more general case the contour may contain a number of cusps, points where the derivative is not smooth. In this situation, another type of divergencies arises which depend only on the corresponding cusp angles γ i . These singularities (and the anomalous dimensions related to them), although has been considered as a shortcoming of the loop formulation of a gauge theory about two decades ago, are shown to play an important role in the partonic hard processes controlling the asymptotics of the scattering amplitudes [13] . In order to remove these divergencies the generalized K γ -operation has been proposed [12] . For a contour with one cusp, C γ , this operation is reduced to
where the contourC γ is treated as a subtraction point. It has been proven that the K γ R-operation renormalizes multiplicatively any loop integral with finite number of cusps [12, 14] . The multiplicative renormalizability means that K γ -operation acts as
where
is an additional renormalization constant. The coefficients Z n is the sum of the simple poles plus some finite terms:
A choice of the finite part of Z n in each order actually determines the K γ subtraction scheme. In order to remove pole terms we shall use the M S-scheme (K
MS γ
). The first nontrivial cusp dependent term in the expansion of W (C) (1) in powers of g 2 for the angle with two infinite straight line rays (Fig. 1b) contains the contributions from both perturbative (Fig. 1c) and nonperturbative ( Fig. 1d ) fields:
Regardless of which part is considered -either perturbative, or nonperturbative, we will write the one-loop contribution in the following form:
2Nc . It is convenient to present the gluon propagator D µν (z) in the form
Here and in what follows, we use the dimensional regularization with n = 4 − 2ε, ε < 0 in order to control the IR divergent terms in the integrals. The remaining UV singularity (due to the infinitely small z 2 in vicinity of the cusp) will be regularized by the corresponding UV cutoff.
The trajectories of the incoming and outgoing quarks (Fig. 1a) may be parameterized as
The angle between the vectors v 1 and v 2 is given in the Minkowskian space by
where the quark momenta are supposed to be on-shell:
The continuation to the Euclidean space is defined as [14, 15] :
By virtue of the interpretation of the graph Fig. 1 as an amplitude of the elastic scattering of an onmass-shell one-dimensional fermion on a color singlet potential [11, 14] , we have to consider the quantity:
where (for some technical details of calculations, see Appendix)
It follows from Eq. (13) that the integrals (9) in which both points x and y belong to the same side of the angle do not contribute to the quantity W (1) (γ). Hence we have with one loop accuracy
is the universal cusp factor. We should emphasize here that the expression (15) holds for perturbative as well as for nonperturbative part depending on the value d 1 (0). For the perturbative field the equation (15) reflects the explicit gauge invariance in the set of covariant gauges, since the gauge fixing parameter ξ enters only into the function d 2 (z 2 ).
Let us consider first the perturbative part W
P (γ). By using the free propagator in the Euclidean space (see Appendix) the IR regularized value of the d 1 (0) may be written in the form:
where λ 2 is the IR regularization parameter. This integral diverges at the upper (UV) bound for ε < 0, and hence we must regularize it. To this end, we may introduce the UV cutoff µ 2 , what corresponds to the following replacement in the denominator of the perturbative propagator: z 2 → z 2 + µ −2 , and finally we get
4 Thus one obtains with one loop accuracy:
and the cusp renormalization constant Z (1) cusp within the M S-scheme:
which is in agreement with [16, 12] . Therefore, the perturbative part of the finite renormalized function reads
The one-loop cusp anomalous dimension which satisfies to the RG equation:
, can be found in the one-loop order [16, 12] :
Hence, we reproduce the Wilson operator value for the infinite contour with the Euclidean cusp parameter γ.
Instanton contribution
Let us estimate the nonperturbative contribution to W (C) in the instanton model. The instanton field is given byÂ
where R ab is the color orientation matrix (a, b = 1, 2, 3), σ a are the Pauli matrices, and (±) corresponds to the instanton, or anti-instanton. The averaging Wilson operator over the nonperturbative vacuum is reduced to the integration over the coordinate of the instanton center z 0 , the color orientation and the instanton size ρ. The measure for the averaging over the instanton ensemble reads dI = dR d 4 z 0 dn(ρ), where dR refers to the averaging over color orientation, and dn(ρ) depends on the choice of the instanton size distribution. Taking into account (24), we write the Wilson integral (1) in the single instanton approximation in the form:
where the phase is
and φ 2 = φ a φ a . We omit the path ordering operator P in (25) because the instanton field (24) is a hedgehog in color space, and so it locks the color orientation to space coordinates. Performing the averaging over the color rotations and making use of the known property of 't Hooft symbols:
performing the subtraction of self-energy part (13) we obtain the total instanton contribution to the cusp dependent part of Wilson loop (1):
where the squared phase may be written as
(29) Although the expressions (28, 29) give the complete formula for the all order instanton contribution, in what follows we restrict ourselves with the investigation of the weak field limit. It is assumed phenomenologically that the instanton size distribution is sharply peaked at a certain finite value. As we will see soon, this finite instanton size ρ provides an UV cutoff for the nonperturbative gluon propagator. Therefore, for the instanton field we use the same dimensional IR regularization with ε < 0 and the IR parameter λ as in the perturbative case 3 . So, in this limit the leading instanton induced term reads:
By using the Fourier transform of the instanton field
Eq. (30) can be written in the form of Eq. (10) with the instantonic analogue of the function d 1 (z 2 ):
whereφ(k 2 ; ρ) is the Fourier transform of the instanton profile function ϕ(z 2 ; ρ) andφ ′ (k 2 ; ρ) is it's derivative with respect to k 2 . Now using the result (15) of the previous section, we get the instanton contribution in the form:
Consider now the renormalization of the nonperturbative part for the instanton field in the singular gauge 4 where the profile function is:
By using the Fourier transform of this function one gets the IR dimensionally regularized D I (0; ε, λ, ρ) in the form
It is clear from this expression that the instanton size plays a role of the UV cutoff, since it provides an exponential suppression of the integrand at large (α, β) what corresponds to the large momentum.
Computing this integral we have
Applying the renormalization procedure as described in the previous section, we find in the leading order the instanton contribution to the renormalization constant
where the finite term is
and obtain the corresponding contribution to the Wilson loop:
In order to estimate the magnitude of the instanton induced effects we use the parameters of the instanton liquid model [5] assuming that the instanton density n(ρ) has a sharp maximum at ρ 0 (this statement, being proposed about two decades ago [17] , now gets a strong support in recent lattice data [6] ) approximating it with the δ-function:
where the parameters are estimated in [5] : n 0 ≈ 1f m −4 , ρ 0 ≈ 1/3f m. Therefore, we find that the instanton contribution is determined by the small dimensionless parameter κ 0 = n 0 ρ 4 0 ≈ 3 −4 characterizing diluteness of the instanton vacuum. To compare the instanton induced and perturbative parts which are correspondingly:
we assume that the factorization scale µ (which divides the soft and hard regions of momenta in the factorized quark form factor) is of order of the inverse instanton size µ ≈ ρ −1 0 ≈ 0.6 GeV . Then we write the total leading order contribution to the Wilson loop expectation value in the form:
is the "classical enhancement" factor with the renormalized coupling constant g(µ)
at the energy scale µ ≈ ρ −1 0 . We see that the ratio of the instanton contribution to the perturbative one is determined by the product of the small diluteness κ 0 ≈ 0.01 times large action factor S 0 ≈ 10:
It means that at the energy scale of order of ρ −1 0 the magnitude of the instanton induced effects is comparable to the leading perturbative part, and must be taken into account as well.
Let us also estimate the two-loop perturbative contribution which may be equally important at the chosen low scale, where the strong coupling constant is not small enough (α S (0.6 GeV ) ≈ 0.5). The two loop result has been obtained in [14] and in the limits of small and large angles is given by: 
From these expressions we get that the ratio of the instanton contribution to the perturbative two-loop term is approximately equal to 1.4 and varies slightly (only about 10%) with changing of γ over whole allowed kinematical interval. Thus, the complete consideration of the quark form factor at the low momentum scale must include both the two-loop perturbative part and the leading order instanton one, which appear to be of the same order in magnitude. Note, that the instanton induced effects has been studied within the similar approach in [8] for the high energy parton scattering processes. In that situation, the integrals over the instanton field can be computed in all orders by virtue of the infinite length of lines that form the integration path specific for this process. The latter fact leads to the trivial factorization of the γ angle dependence from the corresponding Wilson integral, and extract the instanton contribution into the numerically calculable form factors. In our case, one deals with the cusp, rather than cross singularities. The all order calculation is quite complicated for the contour with cusp, so we postpone solution of this task for future.
Conclusion
We have calculated the instanton contribution to the soft part of the factorized Sudakov quark form factor, described in terms of the vacuum expectation value of the Wilson loop for the contour of a special form. For this purpose, we "freeze" the factorization scale µ and take it to be of order of the inverse average instanton size, so comparing the instanton induced and the perturbative parts. Further analysis of high energy behavior of this form factor must take into account the contributions of the hard and collinear parts as well. In order to do this, we would need to "free" the scale µ and consider it as an factorization parameter lying between the hard scale Q and the IR cutoff λ (λ < µ < Q). Then we would find that the instantonic part being UV finite due to the finite instanton size, is independent from UV cutoff µ, and therefore doesn't contribute to the cusp anomalous dimension. However, this issue is out of scope of the present paper, and we did not address this question here. Also, the important problem of the higher order instanton contributions to the quark form factor requires a separate consideration.
Moreover, the situation changes drastically in some other hadronic hard processes. For example, the Wilson path for (in)elastic quark-quark scattering consists of two infinite straight lines lying in two different planes, separated by the finite transverse distance [3, 8] . The calculation of the Wilson operator for this contour reduces formally to evaluation of the path integrals analogous to the ones considered above. The only difference is that the sides of these contours would belong to the different planes. The transverse distance between them provides then an UV cutoff for the integrals, both for perturbative and instanton fields, and the parameter of the dimensional regularization λ becomes the only (IR) cutoff for them. Therefore, the corresponding anomalous dimension would contain the instanton induced part, and the instantons would play a non-trivial role in solution of the corresponding renormalization group equations. This topic will also be a subject of the forthcoming study.
To summarize, we developed an approach which allows one to calculate the nonperturbative contributions to the Wilson integrals over the infinite contour with a cusp that represent, e. g., the classical trajectories of the partons participating in hard collisions, within the instanton vacuum model. In the weak field limit, the instanton contribution to the soft part of the color singlet quark Sudakov form factor is found explicitly in terms of the instanton profile function in the singular gauge. It is shown that the instanton induced effects are comparable in magnitude to the perturbative ones at the scale of order of the inverse average size of the instanton in the instanton vacuum. 
The form factors d 1,2 (u) defined in Eq. (10) are given by (u = z 2 )
The partial derivatives in terms of the derivative with respect to the interval u in n-dimensional space-time:
Scalar products in the Euclidean space:
For calculations of the perturbative part we used the following integrals: 
Therefore, one has
and gets 
